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Chapter 3

Overview of Supervised Learning

3.1 One predictor examples

Most of what we talk about in this class can be called Supervised Learning. The
task it to predict outcomes given predictors but we have at our disposal some pre-
liminary data (which we will refer to training data). Today we give an overview.

In later lectures we will describe specific methods that have a good reputation of
working well.

Real examples: Fraud detection, heart attack prediction given medical history and
vitals, tumor classification with microarrays.
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18 CHAPTER 3. OVERVIEW OF SUPERVISED LEARNING
What is considered random?

lllustrative (unrealistic example):

Does it look normal?

This is actually a histogram of US adult heights. For each person we record gender
and height. If we observed height, how do we predict gender?

Here is a example of a sample of size 20:
67 69 67 65 66 63 62 68 62 61 70 72 69 69 63 74 71 66 64 68

If we have araining setcan we use regression?
What kind of values will Y| X = z] take?

Here is the training data:

X: 63 65 62 69 65 62 66 67 66 64 68 67 6
Y:1 1

7
11 1 1 1 1 1 1 0 O O

The data looks like this:

The regression function i8 = 8.1 — 0.11.X and the predictors are:
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Figure 3.1: Histogram of outcomes of predictor
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Figure 3.2:

Density

0.02 0.04 0.06 0.08

0.00

CHAPTER 3. OVERVIEW OF SUPERVISED LEARNING

Histogram of outcome of predictors with both populations shown.
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3.1. ONE PREDICTOR EXAMPLES 21

Figure 3.3: Histogram of predictor outcomes with two populations shown.

X: 63 65 62 69 65 62 66 67 66 64
Yhat: 0.98 0.71 105 0.22 066 105 060 0.52 0.57 0.87

X: 68 67 67 66 68 68 69 71 69 74
Yhat: 0.42 050 050 055 0.31 0.32 0.25 -0.02 0.23 -0.28

Seem likeY > 0.5 does pretty well. Notice this translatesXo< 69.
Turns out the best solution s < 67.25. Why did not we get it?

Will the best solution be perfect? Is it better than guessing? Notice that if we pick
a woman, see her height and predict, the chance of predicting a man is 18%. By
guessing its just 50%.
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3.2 Terminology and Notation

We will be mixing the terminology of statistics and computer science. For ex-
ample, we will sometimes call” and X the outcome/predictors, sometimes ob-
served/covariates, and even input/output.

We will denote the predictors with' and the outcomes withi (quantitative) and
G (qualitative). Noticg5 are not numbers, so we can add and multiply them.

Note in the example in the first Section we uséthstead ofG.

Height and weight arguantitative measurementdhese are sometimes called
continuous measurements.

Gender is gualitative measurementhey are also called categorical or discrete.
This is a particularly simple example because there are only two values. With two
values we sometimes calllinary. We will useG to denote the set of possible
values. For gender it would b2 = {Male, Femal@. A special case of qualita-
tive variables arerdered qualitativewvhere the one can impose an order. With
men/women this can’t be done, but with, s@y~ {low, medium, high it can.

For both types of variable it makes sense to use the inputs to predict the output.
Statisticians call the prediction taségressiorwhen the outcome is quantitative
andclassificationwhen we predict qualitative outcomes. We will see that these
have a lot in a common and that they can be viewed as a task of function approxi-
mation (as with the scatter plots).
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Notice that inputs also vary in measurement type.

3.2.1 Technical Notation

We will follow the notation of the Hastie, Tibshirani, and Friedman book. Ob-
served values will be denoted in lower case. 25means theéth observation of

the random variabl&l. Matrices are represented with bold face upper case. For
exampleX will represent all observed predictord. will usually be the number of
observations, or length &f. 7 will be used to denote which observation aintb
denote which covariate or predictor. Vectors will not be bold, for exampieay
mean all predictors for subjettunless it is the vector of a particular predictor for
all subjectsx;. All vectors are assumed to be column vectors, sa théh row of

X will be 7, i.e. the transpose af,.

3.3 Two covariate example

We turn our attention to a problem where the observat@rsdX where gener-
ated from a simulation. There are two covariateXdwas two columnsN = 200.
Figure 3.3 shows the data:

We will use the hat to denote predictions or estimates. For example our prediction
of Y will be denotes with".

The outcome here is binay =(Orange, Blue). We will code this with™ =
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Figure 3.4: Two predictor example data.

Train: Linear regression

X2




3.3. TWO COVARIATE EXAMPLE 25
0,1).

We will compare two simple, but commonly used methods for predicirigpm
X.

3.3.1 Linear Regression

Probably the most used method in statistics. In this case, we predict the dutput
via the model

Y = 6o+ 51 X1 + B2 Xs

However, we do not know what,, 5, andj, are.

We use the training data, shown in Figure 3.28bimatethem. We can also say
we train the model on the data to get numeric coefficients. We will use the hat to
denote the estimates; andgs.

We will start using3 to denote the vectaid,, 51, 52)’. A statistician would call
these the parameters of the model.

The most common way to estimatés is by least squares. In this case we choose
the 3 that minimizes

N
RSSB) = {ui— (o + /X1 + 5oXs)}?
=1
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If you know linear algebra and calculus you can show fhat (X'X)'X'y.

Notice we can predict” for any X:
Y =B+ 51X+ BoXo

To predict the class we could simply say:=orange ifY’ < 0.5 and blue other-
wise. Figure 3.3.1 shows the prediction graphically.

Not bad. We get a prediction error of 14%. Much better than guessing.

Notice that all prediction from linear regression will results in a division of the
plane such as that shown in Figure 3.3.1. We call the line that divides the space
into orange calls and blue calls tHecision boundaryThe data seems to suggest
we could do better by considering more flexible models.

Note: If we don't like the fact thal” can be larger than 1 and smaller than 0 we
could have used logistic regression. However, for prediction purposes the answer
would have been very similar.

3.3.2 Nearest Neighbor

Nearest neighbor methods use the points closest in predictor spade tbtain
an estimate o¥". For the K Nearest Neighbor method (KNN) we define

~ 1

K ENg(2)
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Figure 3.5: Prediction from linear regression.

Train: Linear regression

X2
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Here N, (z) contains thé:-nearest points ta. As before, we can predict using
the followingrule: if Y < 0.5 we sayG is orange and blue otherwise.

Notice, as for regression, we can predicfor any X .

In Figure 3.3.2 we see the results of KNN using the 15 nearest neighbors. The
decision boundary seems to adapt better to data and we are able to predict with an
error rate of 12%.

We do a bit better with KNN than with linear regression. However, here we have
to be careful aboutver training

Roughly speaking, over training is when you mold an algorithm to work very well
(sometimes perfect) on a particular data set forgetting that it is the outcome of a
random process and our trained algorithm may not do as well in other instance.

Figure 3.3.2 demonstrates what happens when we use KNNiwith1. Our
prediction error is 0. Do we really believe we can always do this well with this
decision boundary?

It turns out we have been hidingtestdata set. Now we can see which of these
trained algorithms performs best on an independent data set generated by the same
stochastic process. Figure 3.3.2 shows the test data.

Notice that the prediction error are worst now. Especially for the KNN using
k = 1. The small little regions we carved out to predict lonely blue and orange
points no longer predict correctly.
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Figure 3.6: Prediction from nearest neighbor.

Train: KNN (15)

X2
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Figure 3.7: Prediction from nearest neighbor.

Train: KNN (1)
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Figure 3.8: Prediction from linear regression and nearest neighbor on test set.

Test: Linear regression Test: KNN (15)

Test: KNN (1)
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Prediction error
Method Train Test
Linear Regression 0.140 0.185
KNN(1) 0.00 0.185
KNN(15) 0.120 0.175

The following table summarizes the results:

So how do we choosk? We will study various ways. First lets talk about the
bias/variance or accuracy/precision trade-off.

Smallerk give more flexible estimates, but too much flexibility can results in
over-fitting and thus estimates with more variance. Lakgeill give more stable
estimates but may not be flexible enough. Not being flexible is related to being
biased or inaccurate.

Figure 3.3.2 shows the error rates in the test and training sets for KNN with vary-
ing k.

Notice that for smalk we are clearly over-training.

3.4 Bayes Classifier

Can the prediction rule ever be perfect? When their is an underlying stochastic
model, understanding Bayes theorems not only tells us that perfection is impossi-



3.4. BAYES CLASSIFIER

Figure 3.9: Prediction from nearest neighbor.
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ble but it also lets us calculate the best we can do.

Recall the expected prediction error (EPE). What do we do for qualitative data?
Because the elements @f are not numbers taking expectation does not mean
anything. However, we can define a loss function. Say we have three elements
G = {A, B,C} we can define the loss function like this:

0if G =G

L<G’G>:{ 1if G £ G

This can be thought of a distance matrix with Os in the diagonals and 1s every-
where else.

Notice in some fields this loss function may not be appropriate. For example
saying someone has cancer when they do not may not be as bad as saying they do
not have cancer when they do. For now, lets stick to this 0 and 1 case.

We can now write:

EPE=Ex ) _ L[Gi, G(X)] Pr(Gi|X)
k=1

The solution to this is what is know &ayes classifier

G(X) = max Pr(g|X = z)

geg

So why don’t we use it?
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Typically we do not knowPr(g|X = z). Just like we didn't knowf(z) =
ElY|X = z].

However, in the examples shown above | now the random mechanism that created
the data. | wrote the code! But, remember that in practice we rarely know this!
However, in my illustrative examples | | can calcul®€ g| X = x) and can create

the Bayes classifier, seen in Figure 3.4 shows.

Figure 3.4 shows the clusters of subpopulations used to create the data. Basically
we took bivariate normal random variable with the means shown as large dots.

Notice that KNN is an intuitive estimator of the Bayes classifier. We do not know
what the functiorPr(G = g|X = z) looks like so we estimate it with the number
of gs in a small area around The more neighbors | consider the larger the area.

Technical note: If we cod® = 1if G = g andY = 0 otherwise then we can
see the relationship between Bayes classifier and the regression function because:
Pr(G=glX =2)=FEY|X =2x)

Instead of KNN we can usela@rnel smootheto estimatePr(g| X = x). We will
talk about these later. A very famous classifier (support vector machine) has lots
in common with a kernel smoother.
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Figure 3.10: Bayes classifier

Train: Bayes Rule
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3.5 Curse of dimensionality

So why would we ever consider a method such as linear regression? Is a KNN
and kernel smoother always better?

Consider the case where we have many covariates. We want to use kernel smoother.
These methods can be generalized to cases where we have more than one or
two predictors. Basically, we need to define distance and look for small multi-
dimensional “balls” around the target points. With many covariate this becomes
difficult. To understand why we need some mathematical intuition. Let’s try our
best to see why.

Imagine we have equally spaced data and that each covariatf)jg inWe want

to something like kNN with a local focus that use¥)% of the data in the local
fitting. If we havep covariates and we are forming— dimensional cubes, then

each side of the cube must have dizietermined by x [ x ... x [ = [P = .10.

If the number of covariates is p=10, thes- .1'/1° = 8. So it really isn't local!

If we reduce the percent of data we consider to 1%,0.63. Still not very local.

If we keep reducing the size of the neighborhoods we will end up with very small
number of data points in each average and thus with very large variance. This is
known agthe curse of dimensionality

Because of this so-called curse, it is not always possible to use KNN and kernel
smoothers. But other methods, like CART, thrive on multidimensional data. We
will talk about CART later in the term.
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3.6 Function Approximation

Let's move our attention to continuous data.

As mentioned previously the best predictor for Y given X is is the regression
function

f(x) = E(Y]X = x)

To be able to predict we need to kngiwIn most situations we do not knoyi

In some casescienceells us whatf should be. For example, Hook’s law tells us
that if we are measuring the amount a spring stretéh@gen holding a weight
X then

f(x) = Bo+ iz

By is the original length of the spring amt is known as thepring constantFor
any given spring we don’t know the constant but by measuring various weights
we can figure it out.

Measurement error will make it a bit tricky. A stochastic model is
Y =f(X)+e

wheree is an unbiased measurement error that does not depeid on

With enough data least squares will give us very precise estimates and we will be
able to predict the stretch accurately and precisely.
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Note: There are also examples where science suggest non-linear models. For
example, some physical chemistry results suggest one use sigmoidal models. We
can use least squares here two although computationally its harder.

In the case of Weight and Height is there science telling us the relationship is
linear? Not really. However, much empirical evidence shows they are bivariate
normal with correlation of aboui.5 which implies the relationship is linear as
well.

There are many situations where neither science nor empirical evidence suggest
a linear model. Despite this, the norm in many fields seems to be to use linear
regression first andot ask questions later.

Homework: Take the best journal in your field. Find a paper that uses linear
regression. Do the authors present evidence, based on deductive reasoning, sup-
porting a linear relationship? Do they present empirical evidence?

A common approach is to define a family of functions to choose from. Then using,
for example, least squares, pick the function in this family that best fits the data.
We then have 2 ways we can screw up: 1) the ifureay not be well represented

by any of the functions in the family we choose and 2) our estimate of the best
functions in the family is not very good.

The discrete data examples in the previous sections show this.

An example of 1) is the use of linear models to classify the orange and blue in the
sections above. The best line is not good enough. We refer to this as bias.
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An example of 2) is the use of KNN with = 1. In this case the family of possible
functions is included (x) but our estimate is not very good because its based on
few data points (just 1 per location!). We call this variance.

3.7 Introduction to the Bias-Variance Trade-off

Note: This sections is very mathematical.

In general, smoothing problems present a fundamental trade-off between bias and
variance of the estimate, and this trade-off is governed by some tuning parameter,
e.g. kin KNN. In this Section we introduce the general problem of function
approximation, with continuous outcomes, and demonstrate a way to quantify the
bias/variance trade-off.

Through out this section we will be using an artificial example defined by the
following simulation

y; =56sin(l/z) +¢,i=1,...,n (3.1)

with thee; 11D N(0, 1) ort;.

The trade-off is most easily seen in the case of the running mean smoother (just
like KNN). The fitted running-mean smooth can be written as

A 1
fk($0):2k+1 Z Yi

’iENE(CC())
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True t(x)=5 sin(1/x) and observations

01 0.2 0.3 0.4 0.5

Figure 3.11: Outcomes of model witf{z) = 5sin(1/z) and IID normal errors
witho? =1
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The variance is easy to compute. What is it?

The bias is

Elfu(eo)] = S(w0) = o 3 1) — o)}

iENk‘S(Io)

Notice that ask, in this case the smoothing parameter, grows the variances de-
creases. However, the bigger théhe moref(x;)’s get into the bias.

We have no idea of what, s, f(z:) is because we don't kno! Let's see
this in a more precise (not much more) way.

Here we knowf but in general we do not. Say we think thjats smooth enough
for us to assume that its second derivatj/ézx,) is bounded. Taylor's theorem
says we can write

Fl) = Fwo) + F'(0) (i~ 20) + 5 /" (o) (i — 0)” + ([ — 70f’).
Because /(o) (z; — z0)? is O(|z; — z0|?) We stop being precise and write

G 2 () + £ (o) = 20) + 38" (o) w1 — )"

Implicit here is the assumption that; — xy| is small. This is the way these
asymptotics work. We assume that the kernel size goes ta:@ats big.

Why did we only go up to the second derivative?
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To makes things simple, let's assume that the covariatgequally spaceand
let A =z, — x; we can write

f”(l‘o)Az

2k+1)7" D fla) & flae) + (2k+ 1)

i€ENE (z0)

k(k+1)
6

So now we see that the bias increases witrand the second derivative of the
“true” function f. This agrees with our intuition.

Now that we have

o? k(k+1)

E{fi(z0) — f(x0)}* =~ 1 + 6

we can actually find an optimal

Kopt = {ﬁfm)}?}

Usually this is not useful in practice because we have no idea of Wiiab is
like. So how do we chose smoothing parameters?

In Figure 3.12 we show the smooths obtained with a running mean smoother with
bandwidths of 0.01 and 0.1 on 25 replicates defined by (3.1). The bias-variance
trade-off can be clearly seen.

Through-out the class we will be discussing performance in the context of this
trade-off.
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Figure 3.12: Smooths using running-mean smoother with bandwidths of .01 and
0.1. To the right are the smooths 25 replicates



