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Random vectors

e Random vectors are simply random variables collected
into a vector

» For example if X and Y are random variables (X,Y)
is a random vector

o Joint density f(x,y) satisfies f >0 and [ [ f(x,y)dzdy = 1
e For discrete random variables Y>" Y f(z,y) =1

e In this lecture we focus on independent random vari-
ables where f(z,y) = f(z)g(y)



Independent events

e Two events A and B are independent if
P(AN B) = P(A)P(B)

e Two random variables, X and Y are indepdent if for
any two sets A and B

P X e AlnY e B]))=P(X € A)P(Y € B)
o If A is independent of B then

A¢ is independent of B
A is independent of B¢
A¢ is independent of B¢



Example
What is the probabilty of getting two consecutive heads?

A={Head onflip 1} PA) =5
B={Head on flip 2} P(B)=5
An B = {Head on flips 1 and 2}

P(ANB) = P(A)P(B) = .5 x .5 = .25



Useful fact
We will use the following fact extensively in this class:

If a collection of random variables X, X5...., X,, are
independent, then their joint distribution is the prod-
uct of their individual densities or mass functions.
That is, if f; is the density for random variable X;

we have that

flay, . mn) =] ] filz).
i=1



IID random variables

e In the instance where f; = f, = ... = f,, we say that the
X; are iid for independent and identically distributed.

e iid random variables are the default model for ran-
dom samples

e Many of the important theories of statistics are founded
on assuming that variables are iid



Example

Suppose that we flip a biased coin with success proba-
bility p » times, what is the join density of the collection
of outcomes?

These random variables are iid with densities p®i(1—p)! =%

n

f(xy,...,xn) = pri(l — p)l_xi — pr@(l _ p>n—2x@-

1=1



Correlation
The covariance between two random variables X and

Y is defined as
Cov(X,Y) = E[(X — pz)(y — py)| = EIXY] - E|X|E[Y].
The following are useful facts about covariance.
1. Cov(X,Y) = Cov(Y, X).
1. Cov(X,Y) can be negative or positive.

1. |[Cov(X,Y)| < /Var(X)Var(y)




Correlation
The correlation between X and Y is

Cor(X,Y) = Cov(X,Y)/y/ Var(X)Var(y).
1. —1 < Cor(X,Y) < 1.

ii. Cor(X,Y) = £1 if and only if X = o + bY for some con-
stants « and ».

iii. Cor(X,Y) is unitless.
iv. X and Y are uncorrelated if Cor(X,Y) = 0.

V. X and Y are more positively correlated, the closer
Cor(X,Y) 1S to 1.

vi. X and Y are more negatively correlated, the closer
Cor(X,Y) 1s to —1.



Some useful results
Let {X;}" , be a collection of random variables

e When the {X;} are uncorrelated

n n
Var (Z a; X; + b) = Z a%Var(XZ-)
1=1

1=1

e Otherwise

n—1 n

n n
Var (Z a; X; + b) = Z a%Var(XZ-) + 2 Z Z a;ja;Cov(X;, X;).
1=1

1=1 1=1 =1

o If the X; are iid with variance ¢° then Var(X) = ¢/n and
E[S?] = o7



Example proof
Prove that Var(X +Y) = Var(X) + Var(Y) + 2Cov(X,Y)

Var(X +Y) = E[(X +Y)(X +Y)] — E[X + Y]
= BIX® +2XY + Y] — (na + py)’
= BIX*+2XY + Y7 — g — 2papy — 11
= (E[X"] = p3) + (B[Y?] = 1) + 2(E[XY] = papry)

= Var(X) + Var(Y) + 2Cov(X, Y)



The sample mean
Suppose X; are iid with variance ¢?

_ 1 <
Var(X) = Var - E : X;
1=

1 n
— ﬁ\/ar z; X;
1=

1 n
= Z Var(X;)
1=1



Some commments

e When X; are independent with a common variance

— 2

Var(X) =%

n

e o/\/n is called the standard error of the sample mean

e The standard error of the sample mean is the stan-
dard deviation of the distribution of the sample mean

e o 1s the standard deviation of the distribution of a
single observation

e Easy way to remember, the sample mean has to be
less variable than a single observation, therefore its
standard deviation is divided by a \/n



The sample variance

e The sample variance is defined as

TX - X)?
n—1

S2 —

e The sample variance is an estimator of o~

e The numerator has a version that’s quicker for calcu-
lation

n

n
(X; — X)? =) X7 —nX?
1
1=1

i=1
e The sample variance is (nearly) the mean of the squarec
deviations from the mean



The sample variance is unbiased

n

&y
(]
ks

|
=
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NE

1 E|X7| - nE | X2

=1 |

-

{\/ar(XZ-) + ,uz} —n {Var(X) + ,uz}
1

[/

-

{02 + ,uQ} —n {02/n + /12}

1=1

2

= n02+n,u2—0 —n,u2

= (n— 1)o”



Hoping to avoid some confusion
e Suppose X; are iid with mean ;. and variance ¢
e 57 estimates o
e The calculation of s? involves dividing by »n — 1
e S/\/n estimates o//n the standard error of the mean

e 5//n is called the sample standard error (of the mean)



Example

e In a study of 495 organo-lead workers, the following
summaries were obtained for TBV in cm?

e INCAN = 1151.231

e sum of squared observations = 662361978

e sample sd = /(662361978 — 495 x 1151.2812) /494 = 112.6215
e estimated se of the mean = 1151.281/1/495 = 5.062



