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When Time Is of Interest: 
The Case for Survival Analysis

John McGready
Johns Hopkins University



Lecture Topics

Why another set of methods?
Event times versus censoring times
Estimating the survival curve—Kaplan Meier 
and life table methods
Comparing survival curves
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Section A

Motivating the Need



Survival Analysis

Statistical methods for the study of time to 
an event
Accounts for . . .
– Time that events occur
– Different follow-up times
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Artificial Sweetener 
and Cancer

High dose (200)

1000 mice Medium dose (200)

Low dose (200)

Control (400)
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Artificial Sweetener

Rats were followed for one year to see if 
tumors developed
Proportion of rats with tumors the same in 
the unexposed and exposed

Continued 7



Artificial Sweetener

However, evidence of “acceleration”
Tumors happened sooner in those exposed
How can we incorporate information not only 
about whether tumors occur, but also how 
long it takes them to occur?
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Survival Analysis

Survival analysis methods allow us to 
incorporate information about both 
frequency of event occurrence and time to 
event information
Subjects are followed until they have an 
“event,” or the study ends
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Endpoint

The endpoint doesn’t have to be “death”; it 
can be any well-defined event
– Death
– Disease onset
– Menopause
– Pregnancy
– Relapse
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Time Scale

When do you start the clock?
– Time from diagnosis of disease to death
– Time from HIV infection to AIDS

Continued 11



Time Scale

When do you start the clock?
– Time from birth (chronological age)
– Time from randomization in clinical trial
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Why Is Survival Analysis Tricky?

Suppose we have designed a study to 
estimate survival after chemotherapy 
treatment for patients with a certain cancer
Patients received chemotherapy between 
1990 and 1994 and were followed until death 
or the year 2000, whichever occurred first

Continued 13



Why Is Survival Analysis Tricky?

In this study the event of interest is death
The time clock starts as soon as the subject 
finishes his/her chemotherapy treatments

Continued 14



Why Is Survival Analysis Tricky?

Dies

1990 1995 2000
Continued 15



Why Is Survival Analysis Tricky?

Dies

1990 1995 2000

Patient one enters in 1990, 
dies in 1995: Patient one 
survives five years

Continued 16



Why Is Survival Analysis Tricky?

1990 1995 2000

Lost to 
Follow-up

Continued 17



Why Is Survival Analysis Tricky?

18

1990 1995 2000

Patient two enters in 1991, 
drops out in 1997: Patient two 
is lost to follow-up after six 
years

Lost to 
Follow-up

Continued



Why Is Survival Analysis Tricky?

1990 1995 2000

Withdrawn 
Alive

Continued 19



Why Is Survival Analysis Tricky?

20

1990 1995 2000

Patient three enters in 1993, is 
still alive at end of study: Patient 
three is still alive after seven 
years

Withdrawn 
Alive

Continued



Why Is Survival Analysis Tricky?

Patient:
– 1: 1990 → 1995   5 years
– 2: 1991 → 1997   6+ years
– 3: 1993 → 2000   7+ years
Patients two and three are called censored 
observations

Continued 21



Why Is Survival Analysis Tricky?

We need a method which can incorporate 
information about censored data into an 
analysis
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The Survival Curve

S(t)

Time
Continued 23



The Survival Curve

S(t) is an estimate of the 
proportion of individuals 
still alive (have not had 
the event) at time tS(t)

Time
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Summary Statistics

We can estimate summary statistics from 
estimated survival curve
– Median survival time
– One, two year survival rates
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Estimating Median Survival

S(t)

.50

Time
Continued 26



Estimating Median Survival

S(t)

.50

m Time
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Caveat—Medians Do Not 
Describe Whole Curve

S(t)

.50

m Time
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Section A

Practice Problems



Practice Problems

1. Explain the difference between a censored 
observation versus an observation in which 
an actual event time is observed. For a 
single subject, how will his/her censoring 
time compare to his/her actual, unobserved 
event time?
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Practice Problems

2. What is the “survival function” or “survival 
curve?“ What information about the 
survival experience of a cohort of subjects 
is described by the cohort’s “survival 
curve?”

31



Section A

Practice Problem Solutions



Question

1. Explain the difference between a censored 
observation versus an observation in which 
an actual event time is observed. For a 
single censored subject, how will his/her 
censoring time compare to his/her actual, 
unobserved event time?

33



Answer

A censored observation is a time measure on 
a subject who does not have the 
outcome/event under study. A subject may 
be censored because he/she drops out of the 
study before having the event, or makes it to 
the end of the study without having the 
event.

Continued 34



Answer

Censoring times will always be less than 
actual event times for those who are 
censored—so the censoring time is an 
underestimate of the event time.
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Question

2. What is the “survival function” or “survival 
curve?“ What information about the 
survival experience of a cohort of subjects 
is described by the cohort’s “survival 
curve?”
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Answer

The survival function tracks the estimated 
percentage of individuals in a cohort who are 
still “event free” as a function of time—the 
survivor function gives an estimate of these 
percentages for a given time between the 
beginning of the time interval and the end of 
the study.
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Section B

Estimating the Survival Curve:  
The Kaplan Meier and Life Table 

Approaches



Central Problem

Estimation of the survival curve
S(t) = Proportion surviving at least to time t
or beyond
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The Survival Curve

S(t)

Time
Continued 40



The Survival Curve

1.0 S(0) always equals 1

All subjects are alive 
at beginning of the 
study

S(t)

Time0
Continued 41



The Survival Curve

1.0 Curve can only remain 
at same value or 
decrease as time 
progressesS(t)

Time0
Continued 42



The Survival Curve

1.0 If all the subjects do 
not experience the 
event by the end of the 
study window, the 
curve may never reach 
zero

S(t)

Time0
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Approaches

Life table method
– Grouped in intervals
Kaplan-Meier (1958)
– Ungrouped data
– Small samples
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Kaplan-Meier Estimate

Example
– Survival times (N = 10)
– 8+   4   5+   6   12   3   10+   17   6

Continued 45



Kaplan-Meier Estimate

Example
– Order of survival times
– 3  4  5+  6  6  8+ 10+ 12  15  17

Continued 46



Kaplan-Meier Estimate

Curve can be estimated at each event, but 
not at censoring times
S(t) = proportion of individuals surviving 
beyond time t

Continued 47



Kaplan-Meier Estimate

Curve can be estimated at each event, but 
not at censoring times

E(t) = # events at time t
N(t) = # subjects at risk for event at time t

)Time_Event_evious(Pr
)t(N

)t(E)t(N)t(S S×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

Continued 48



Kaplan-Meier Estimate

Curve can be estimated at each event, but 
not at censoring times

)Time_Event_evious(Pr
)t(N

)t(E)t(N)t(S S×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

Proportion of original sample 
making it to time t

Continued 49



Kaplan-Meier Estimate

Curve can be estimated at each event, but 
not at censoring times

)Time_Event_evious(Pr
)t(N

)t(E)t(N)t(S S×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=

Proportion surviving to time t
who survive beyond time t

Continued 50



Kaplan-Meier Estimate

Start estimate at first event time
– 3 4  5+  6  6  8+  10+  12  15  17

9.
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9
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110
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Kaplan-Meier Estimate

Can estimate S(t) at each event time
– 3  4 5+  6  6  8+  10+  12  15  17

8.9.
9
8
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9
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Kaplan-Meier Estimate

Skip over censoring times—remove from 
number at risk for next event time
– 3  4  5+  6  6 8+  10+  12  15  17

57.8.
7
5
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Kaplan-Meier Estimate

Continue through final event time

t S(t)
3 0.9
4 0.8
6 0.57

12 0.38
15 0.19
17 0

Continued 54



Kaplan-Meier Estimate

Graph is a step function
“Jumps” at each observed event time
Nothing is assumed about curved shape 
between each observed event time

Continued 55



Kaplan-Meier Estimate
0.
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Kaplan-Meier survival estimate

Time
Continued

S(t)
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Kaplan-Meier Estimate
0.
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Kaplan-Meier survival estimate

Time

First jump at t = 3

3

Continued

S(t)
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Kaplan-Meier Estimate
0.
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Kaplan-Meier survival estimate

Time
12

Conventional estimate 
of median: t = 12

Continued

S(t)

58



Kaplan-Meier Estimate

Product limit estimate
– Order survival times
– Computed at observed events
– Multiplying conditional probabilities

59



Life Table Estimate

Data is grouped into intervals of time
S(t) is an estimate of proportion surviving 
beyond the end of the interval

Continued 60



Life Table Estimate

Three key quantities needed in order to 
estimate via life table method:
– Ni = number at risk at start of interval i
– di = number of deaths in interval i
– ci = number censored in interval i

Continued 61



Life Table Estimate

From these three key quantities, we can 
calculate three more:
– Ni* = effective # at risk = Ni – 1/2 ci

in ith interval
– Qi = proportion who die in ith interval

= di/Ni*
(interval specific death rate)

Continued 62



Life Table Estimate

From these three key quantities, we can 
calculate three more:
– Pi = 1 – Qi = proportion of those alive at 

beginning of ith interval who make it 
through the end
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Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8    
[1-2) 170 38 12    
[2-3) 120 48 25    
[3-4) 47 19 10    
[4-5) 18 4 8    
[5-6) 6 1 3    
[6- 2      

 

Continued 64



Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8 196   
[1-2)       
[2-3)       
[3-4)       
[4-5)       
[5-6)       
[6-       

 

200 – 1/2*(8) = 196

Continued 65



Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8 196 .11  
[1-2)       
[2-3)       
[3-4)       
[4-5)       
[5-6)       
[6-       

 

11.
196
22

=

Continued 66



Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8 196 .11 .89
[1-2)       
[2-3)       
[3-4)       
[4-5)       
[5-6)       
[6-       

 

1 - .11  = .89

Continued 67



Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8 196 .11 .89
[1-2) 170      
[2-3)       
[3-4)       
[4-5)       
[5-6)       
[6-       

 

200 – (22+8)=170

Continued 68



Clinical Life Table
 Ni di ci    

Year #At 
risk #Deaths #Censored Ni

* Qi Pi

[0-1) 200 22 8 196 .11 .89
[1-2) 170 38 12 164 .23 .77
[2-3) 120 48 25 107.5 .45 .55
[3-4) 47 19 10 42 .45 .55
[4-5) 18 4 8 14 .29 .71
[5-6) 6 1 3 4.5 .22 .78
[6- 2      

 

Continued 69



Clinical Life Table

To estimate survival curve, start at S(0) = 1 
by convention
Estimates of survival curve done at end of 
each interval:
– Product of Pi for the interval, and S(t) for 

previous interval

Continued 70



Clinical Life Table
Year Pi Si             
[0-1) .89 .89*S(0)=.89 

[1-2) .77 

 

.77*S(1) = 

.77*.89 =.68
  

[2-3) .55 .55*S(2) = .38
[3-4) .55 .21 
[4-5) .71 .15 
[5-6) .78 .12 
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95% CI for the Four Year 
Survival Rate

.21 ± 2 x standard error

.21 ± 2 x (.072)
(0.07, 0.35)

Continued 72



95% CI for the Four Year 
Survival Rate

The standard error (.072) comes from 
Greenwood’s formula
We estimate that about 21% of individuals 
will survive at least four years 
The 95% CI is 7%–35%
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Life Table vs. Kaplan-Meier

1

S(t)

Time
Continued 74



Life Table vs. Kaplan-Meier

The difference between the Kaplan-Meier 
and the life-table is small if . . .
– N is large
– Intervals are small
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Big Assumption

Independence of censoring and survival
Those censored at time t have the same 
prognosis as those not censored at t

Continued 76



Big Assumption

Examples of possible violations
– Time to tumor—animal
– Occupation—loss to follow up
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Section B

Practice Problems



Practice Problems

1. How does the Kaplan-Meier method use 
censored observations in its estimation 
process for construction of the “survival 
function?”

Continued 79



Practice Problems

2. How can the median survival time for a 
cohort of subjects be estimated with the 
Kaplan-Meier curve?

Continued 80



Practice Problems

3. On the next slide, you will see two Kaplan-
Meier curves graphed on the same set of 
axes. The curves are estimates of the 
survival functions for two groups of 
patients with diffuse histiocitic lymphoma:

– 19 patients with stage three cancer
– 16 patients with stage four cancer
Patients were followed for a year after their 
diagnosis until death or censoring.

Continued 81



Practice Problems

3. Here are the survival curves.
0.

00
0.

25
0.

50
0.

75
1.

00

0 100 200 300 400
analysis time

s tage = 3
s tage = 4

Kaplan Meier Curve, by  Stage

Continued 82



Practice Problems

3. a) Which group has the better one-year  
survival prognosis based on the curves?

b) Estimate the median survival time for 
each of the groups?

c) Based only on the curves, can you 
ascertain whether the patient’s with the 
largest times in each of the groups were 
censored?

Continued 83



Practice Problems

4. What is the primary difference between the 
Kaplan-Meier approach and the life table 
approach to estimating the survival 
function?
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Section B

Practice Problem Solutions



Question

1. How does the Kaplan-Meier method use 
censored observations in its estimation 
process for construction the “survival 
function?”
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Answer

Subjects that are censored are considered to 
be “at risk” for having the event of interest 
until censoring occurs—these observations 
help “inform” the survival curve via their 
usage in the denominators for time specific 
survival percentage estimates.
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Question

2. How can the median survival time for a 
cohort of subjects be estimated with the 
Kaplan-Meier curve?
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Answer

The median survival time is estimated by the 
time at which 50% of the cohort being 
studied are still event free.
– If the Kaplan-Meier curve does not hit 

50% exactly, the convention is to use the 
first event time where the curve drops 
below 50%.
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Question

3. On the next slide, you will see two Kaplan-
Meier curves graphed on the same set of 
axes. The curves are estimates of the 
survival functions for two groups of 
patients with diffuse histiocitic lymphoma:

– 19 patients with stage three cancer
– 16 patients with stage four cancer
Patients were followed for a year after their 
diagnosis until death or censoring.
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Question

3. Here are the survival curves.
0.

00
0.

25
0.

50
0.

75
1.

00

0 100 200 300 400
analysis time

s tage = 3
s tage = 4

Kaplan Meier Curve, by  Stage
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Answer

3. a.) Which group has the better one-year 
survival prognosis based on the curves?

As the curve for the stage three group is 
“higher” than the curve for the stage four 
group across the entire time interval, stage 
three patients in this sample have a better 
survival prognosis.
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Question

3. b) Estimate the median survival time for 
each of the groups.

0.
00

0.
25

0.
50

0.
75

1.
00

0 100 200 300 400
ana lys is  tim e

s tag e =  3
s tag e =  4

K a pla n M e ie r C urv e , by   S ta ge
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Answer

3. b) Estimate the median survival time for 
each of the groups.

By drawing lines on the graph to show the 
time at which curve “hits” 50% or first 
drops below 50%, the estimated median 
survival times are 75 days for stage four 
patients, and 250 days for stage three 
patients.
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Answer

3. c) Based only on the curves, can you 
ascertain whether the patient’s with the 
largest times in each of the groups were 
censored?

As neither curve drops to 0% by the end of 
the time interval (study time frame of 365 
days), this indicates that the patients with 
the largest times were censored 
observations in both groups.
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Answer

4. What is the primary difference between the 
Kaplan-Meier approach and the life table 
approach to estimating the survival 
function?

The Kaplan-Meier curve estimates a change 
in the survival function at every observed 
event time—the life table estimates 
changes at specific intervals of time.

96



Section C

Statistically Comparing Survival 
Curves



Comparing Survival Curves

Common statistical tests
– Generalized Wilcoxon (Breslow, Gehan)
– Logrank

Continued 98



Comparing Survival Curves

Both compare survival curves across multiple 
time points to answer the question—“is 
overall survival different between any of the 
groups?”
– Ho: No difference in S(t)
– Ha: Difference in S(t)

Continued 99



Comparing Survival Curves

Wilcoxon (Breslow, Gehan) more sensitive to 
early survival differences
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Group 2
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Comparing Survival Curves

Wilcoxon (Breslow, Gehan) more sensitive to 
early survival differences
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Comparing Survival Curves

Logrank more sensitive to later survival 
differences
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Comparing Survival Curves

Logrank more sensitive to later survival 
differences
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Comparing Survival Curves

Neither test very good if curves “crossover”
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Comparing Survival Curves

Neither test very good if curves “crossover”
0.
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Group 2
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Examples of Logrank and 
Breslow-Gehan Test

Survival times (measured in days) for two 
groups of patients with diffuse histiocytic 
lymphoma
– Group A (n = 19) has stage-3 cancer
– Group B (n = 16) has stage-4 cancer

Continued 106



Examples of Logrank and 
Breslow-Gehan Test

Nine of nineteen observations censored in 
group A
Three of sixteen observations censored in 
group B
We want to know if stage of cancer is 
associated with survival
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Kaplan Meier Curves

Survival (event = death) by stage of cancer
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s tage = 3
s tage = 4

Kaplan Meier Curve, by  Stage
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Testing Stage/Survival 
Relationship

Log-rank results:
– p = .02
Breslow/Wilcoxon/Gehan results:
– p = .03
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