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The Case for Logistic Regression




Relation between age and coronary heart disease

Next slide—(Excerpt from) table of age and coronary
heart disease evidence status (CHD) of 58 subjects
(average age 45 years, range 20 to 64, 43% showed
evidence of CHD) selected from a hospital population
and screened for evidence CHD

Continued
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Excerpt of the data
ID AGE  CHD |ID AGE  CHD
1 20 0o |10 29 0
2 23 0 11 30 0
3 24 0o |12 30 0
4 25 o [13 30 0
5 25 1 14 30 0
6 26 0o |15 30 0

Continued 5



GOAL—determine whether age (and smoking) are risk
factors for CHD and estimate the magnitude of each
disease exposure relationship in this patient population

Continued 6



Options for analysis

* (Categorize age into two groups, do a comparison
of proportions

* Categorize age into multiple groups (three or four)
and do multiple comparisons of proportions

* Analyze using age as a continuous measure




Presence/absence of CHD evidence from screening result

1 coronary heart disease
0 nocoronary heart disease




Options for analysis

* (Categorize age into two groups, do a comparison
of proportions

* Categorize age into multiple groups (three or four)
and do multiple comparisons of proportions

* Analyze using age as a continuous measure

Continued 9



Could we use linear regression?
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Could we use linear regression?
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Could we use linear regression?
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Example—CHD and Age

How about creating age intervals as initially suggested?

CHD Evidence
P roportion with
Age Group n Absent Present CHD
20-29 5 4 1 0.20
30-34 9 8 1 0.07
35-39 5 5 0 0.00
40-44 8 7 1 0.13
45-49 9 5 4 0.44
50-54 5 2 3 0.60
55-59 12 3 9 0.75
60-69 4 1 3 0.75
Continued
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Example—CHD and Age

Plot of estimated proportion with CHD in each age group
(plotted at midpoint of age group range)

Percentage of Subjects With Evidence of CHD by Age
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Example—CHD and Age

Notice, each of the age intervals contains very few

observations

CHD Evidence
P roportion with
Age Group n Absent Present CHD
20-29 5 4 1 0.20
30-34 9 8 1 0.07
35-39 5 5 0 0.00
40-44 8 7 1 0.13
45-49 9 5 4 0.44
50-54 5 2 3 0.60
55-59 12 3 9 0.75
60-69 4 1 3 0.75
Continued
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Example—CHD and Age

There appears to be some structure/pattern here
(percentage with CHD tends to increase with age)

Percentage of Subjects With Evidence of CHD by Age
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Logistic Regression

Wouldn't it be nice if we could model this structure
without having to categorize age?

Logistic regression will allow for such a curve relating
age (equation) to the proportion with disease

It can do it without actually dividing up age into intervals

Continued 17



Logistic Regression

Logistic regression will allow for the estimation of an
equation that fits a curve the age/probability of CHD
relationship

Percentage of Subjects With Evidence of CHD by Age

Estiamted Percentage With CHD Evidence

| | | | | |
20 30 40 50 60 70

Age (years)

Continued 18



Logistic Regression

A regression method to deal with the case when the
dependent variable y is binary (dichotomous)

There can be many independent (predictors) variables
(x’s)

Continued 19



Logistic Regression

Outcome, y, is binary

1 coronary heart disease

= 10 nocoronary heart disease

20



Objectives of Logistic Regression

Estimating magnitude of outcome/exposure relationship

* To evaluate the association of a binary outcome
with a set of predictors

Prediction

* Develop an equation to determine the probability
or likelihood that individual has the condition
(v = 1) that depends on the independent variables
(the x’s)

21



Linear vs. Logistic Regression

Linear regression

* Qutcome variable y is continuous

Logistic regression
* Qutcome variable y is binary (dichotomous)

22



Multiple Linear Regression vs. Logistic Regression

The only (data type) question a researcher need ask
when choosing a regression method is . ..

* “What does my outcome look like?”

* Either regression method allows for many x’s
(independent variables)

* These x’s can be either continuous or discrete

23



The Logistic Regression Model

Equation for Pr(y = 1)

Dy +Dy X+ X5+

€
l+e

P

Do +0y X+ X5+

e Is the “natural constant” =~ 2.718
p =Pr(y=1)

Continued 24



The Logistic Regression Model

Why is this equation appropriate?

Dy +0y X 0, X5+

O<e < oo
And so it follows:
ebo+b1X1+b2X2+ ........

0< 1+ ebo+b1x1+b2x2+ ........ <1

Continued 25



The Logistic Regression Model

O<p<

This formulation for p ensures that our estimates of the
probability of having the conditions (Pr(y=1)) is between
Oand 1

Continued 26



The Logistic Regression Model

Can be transformed as follows

Iog(ﬁ) =b, +b, X, +b, X, +...

log is the natural logarithm (base €)

Continued 27



The Logistic Regression Model

Recall, the odds of an event is defined as follows:

odds = | —P

Where p = probability event happens

Continued 28



The Logistic Regression Model

For the CHD-age data set, we could try to estimate the
following:

log( 2)=b,+bx

p = probability of CHD, X1=age

bo and biare called regression coefficients
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Let’s Review Logarithms

Strict definition

* The logarithm to the base a of a number y is the
number x such that a“=y
*x x=lo gay

Continued 30



Let’s Review Logarithms

We will be dealing with logs to base e, where e is the
natural constant

* Ifx=1Io9gey, theny = €

* (Anti-log of x, exponentiating x)

* Lo9ey frequently written In(y)

* In this class log and In both refer to logarithm with
base e

Continued 31



Let’s Review Logarithms

Logarithms only exist for positive numbers

* 0<y<o

However, logarithms can be positive or negative
* -oo<log(y) < co

Continued 32



Let’s Review Logarithms

log1=0(Infactlo g.1 =0all a)

If 0 <y < 1,logly) <0 (same for any base)

If y>1,log(y) > 0 (applies to any base)

Continued 33



Let’s Review Logarithms

Examples

log(10) =23 —> e**=10
e’ = 81 — log(.81)=-.2

Two important calculator keys:

* In key
* e"key
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Properties of Logarithms

For any two positive numbers A, B

* In(A*B) =InA + InB
* In(A/B) =InA -InB
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For practice, prove the following to yourselves at home!

* In(12) =In(4) + In(3)

* =1In(36) -In(3)

* In(100) =In(20) + In(5)

* =1In(100,000) - In(1,000)

36
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Practice Problems

1. What is the only question a researcher need ask when
deciding to use linear or logistic regression as an
analysis tool?

Continued 38



Practice Problems

2. What types of predictors (covariates) can be included
in a logistic regression model?

Continued 39



Practice Problems

3. Why is linear regression not appropriate for analyzing
binary outcomes?

Continued 40



Practice Problems

4. What does the left-hand side of a logistic regression
equation look like? In other words, we transform our
binary outcomes on each subject into what kind of
measure?

41
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Practice Problem Solutions

1. What is the only question a researcher need ask when
deciding to use linear or logistic regression as an
analysis tool?

“What type data is my outcome measure—continuous
orbinary?”

Continued 43



Practice Problem Solutions

2. What types of predictors (covariates) can be included
in a logistic regression model?

Both binary and continuous predictors can be
included in a logistic regression model.

Continued 44



Practice Problem Solutions

3. Why is linear regression not appropriate for analyzing
binary outcomes?

Linear regression would end up fitting a line that
included predicted y values not equal to 0 or 1, the
only two values that are taken on by a binary y

Continued 45



Practice Problem Solutions

4. What does the left-hand side of a logistic regression
equation look like? In other words, we transform our

binary outcomes on each subject into what kind of
measure?

The logistic regression equation models the (natural)
log odds that Y= 1, given one or more predictors.

46
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Logistic Regression Model

Recall the model we discussed relating probability of
CHD to age

log P b, +b,X,

1-p
p = probability of CHD
X1=age
bo and biare the regression coefficients

Continued 48



Logistic Regression Model

In “other words”:

log(ODDS of CHD) =b, +b,x,

bo and b1are the regression coefficients

Continued 49



Logistic Regression Model

We are really estimating bo, b:from a sample

log(ODDS of CHD) = b, +b,x,

By and b, are the regression coefficients

(“hats” indicate estimates from a sample)

Continued
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Logistic Regression Model

Recall, from 611, the higher the odds of an event, the
larger the probability of an event

A predictor that is positively associated with the odds
will also be positively associated with the probability of

the event

Continued 51



Logistic Regression Model

A predictor that is negatively associated with the odds
will also be negatively associated with the probability of
the event

Association patterns with log(odds) are the same as the
patterns with odds

52



Interpreting Coefficients

General interpretation of slope in logistic regression

* b1 > 0: Positive association; more likely to have
outcome with increasing X

* B =0 No association

* b1 < 0 Negative association; less likely to have
outcome with with increasing Xi

Continued 53



Interpreting Coefficients

The intercept Db

* Again, itis a “place holder”; necessary for equation,
but not for scientific interpretation—Ilog odds
when covariate equals 0

e

In the CHD/age example, the intercept b, estimates “log
odds of a disease for someone zero years old”

54



Example—CHD and Age

Results from logistic regression:

Variable Estimated Coefficient Standard Error
Age 0.135 0.036
Constant —6.54 1.73

Continued 55



Example—CHD and Age

Results from logistic regression:

Variable Estimated Coefficient Standard Error

Age 0.036
Constant / — 6.54 1.73

o/
b,

Continued 56



Example—CHD and Age

Results from logistic regression:

Variable Estimated Coefficient Standard Error

Age 0.135 0.036

Constant 1.73

C)CT>

Continued 57



Example—CHD and Age

The resulting equation

|og£ij — _6.54+.135x Age
1-p

Where p is probability of CHD (Pr(Y=1))
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Example—CHD and Age

A

The estimated coefficient () of age ( Xy) is positive;
hence, we have estimated a positive association between
age and log odds of CHD

Therefore, we have estimated a positive association
between age and the probability of heart disease

Continued 59



Example—CHD and Age

How can we actually interpret the value .135, though?

Lets write out the equation comparing two individuals
who differ in age by one year:

* Individual 1,age=k  years
* Individual 2, age =k + 1 years

Continued 60



Example—CHD and Age

The resulting equations

N

log(odds CHD person #2) = I, + Bl(k +1)

log(odds CHD person #1) b0 + bl(k)

Continued 61



Example—CHD and Age

Multiplying out

log(odds CHD person #2) = 60 Bl(k) "'61
by

(k)

log(odds CHD person #1)= b, +

Continued 62



Example—CHD and Age

Subtracting

FaN N

log(odds CHD person #2) = [ +b,(k) + D,

A\

log(odds CHD person #1) = + bl( )
| |

Continued 63



Example—CHD and Age

Subtracting

FaN N

log(odds CHD person #2) = [ +b,(k) + D,

A\

log(odds CHD person #1) = + bl( )
| | ~

b,

Continued 64



Example—CHD and Age

Subtracting

FaN N

log(odds CHD person #2) = [ +b,(k) + D,

log(odds CHD person #1) = + bl( )

Continued 65



Example—CHD and Age

e N

SO, 1 —

log(odds CHD person #2)
—log(odds CHD person #1)

Continued 66



Example—CHD and Age

“Reversing” a property of logs, 51=

0g odds_of CHD_person#?2
odds_of CHD_person#l

Continued 67



Example—CHD and Age

So, b, = (estimated) log of the odds ratio comparing
odds of CHD evidence for person #2 compared to person
#1

A

More generally, b, = (estimated) log of the odds ratio
comparing odds of CHD evidence for age groups who
differ by one year in age

Continued 68



Example—CHD and Age

So, since = log(odds ratio), tl%?n we can get the
estimated odds ratio, OR, by €

So, in the CHD/age example, OR = e!13) =114

Continued 69



Example—CHD and Age

If we were to compare two people (or two groups of
people) 60 years old and 59 years old respectively, the
odds ratio for CHD of the 60-year-old to the 59-year-old
is1.14

Continued 70



Example—CHD and Age

In fact, if we compared any two people (groups) who
differed by year of age, older to younger, the odds ratio
would be 1.14. ..

* 27to 26 year olds
* 54to53yearolds... etc.

Continued 71



Example—CHD and Age

This is only valid for age comparisons within our original
range of data

Beware of extrapolation!

72



General Interpretation of Slope in Logistic Regression

b, is the estimated change in the log odds of the
outcome for a one unit increase in X!

* “Change in the log odds of CHD for a one year
increase in age”

It estimates the log odds ratio for comparing two
individual (groups of) observations:

* One with X' one unit higher than the other

Continued
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General Interpretation of Slope in Logistic Regression

It estimates log(OR) for comparing two individual
(groups of) observations:

* One with X'one unit higher than the other

74



General Interpretation of Slope in Logistic Regression

The estimated regression coefficients are not the true
population parameter regression coefficients

* We will need to estimate a range of plausible
values which takes into account error associated
with an imperfect sample

* We will need to test for a significant association in

the population

We will need tools for doing inference (next section)
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Example—CHD and Age

Recall the equation

Iog( P j = —-6.54 +.135 x Age
1-p

Here 61 =.135

Continued 76



Example—CHD and Age

What would be the estimated OR of CHD for 60-year-olds
compared to 50-year-olds?

Continued 77



Example—CHD and Age

Must start on coefficient (log odds) scale:

log(odds CHD for 60-year-olds)

— log(odds CHD for 50-years-olds) = 10 x 61

Continued 78



Example—CHD and Age

Must start on coefficient (log odds) scale:
* =10%x135=1.35

This is an estimate of the log OR

* 10xDb,

Continued 79



Example—CHD and Age

To get estimated odds ratio, exponentiate
* OR=€""=385

“60-year-olds have an estimated 3.85 the odds of 50-
year-olds of having CHD”

80
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Practice Problems

1. Suppose we have the following logistic regression

model:
Iog(ﬁj = 60 + 61X1

Suppose the following were true:
p = probability of graduating high school

X1= number of unexcused absences in 11th grade

year
Continued 82



Practice Problems

a. What is the interpretation of the estimated coefficient
b, in the logistic regression model?

Continued 83



Practice Problems

b. Suppose the estimate of 61 in the previous model is
b,=-.03. Suppose the following two students are in
the same 12th grade class:

* Student A had eight unexcused absences in 11th
grade

* Student B had 18 unexcused absences in 11th
grade

What is the estimated odds ratio of graduating high
school for Student B compared to Student A?

Continued 84



Practice Problems

c. If the estimate of b, in the previous model is 61: -.03,
what does that tell you about the direction of the
relationship between the probability of graduating
and the number of school days missed?

85
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Practice Problem Solutions

1. Suppose we have the following logistic regression

model:
Iog(ﬁj = 60 + 61X1

Suppose the following were true:
p = probability of graduating high school

X1= number of unexcused absences in 11th grade

year
Continued 87



Practice Problem Solutions

a. What is the interpretation of the estimated coefficient 61
in the logistic regression model?

b, is the expected change the natural log odds of the
outcome for a one-unit change in X1 It also can be
interpreted as the (natural) log odds ratio for the ratio
of the odds of the outcome for two observations
whose Xivalue differ by one unit.

Continued 88



Practice Problem Solutions

a. So in this example, b is the expected change the
(natural) log odds of the high school graduation for a
one-unit change in number of unexcused absences. It
is the (natural) log odds ratio for the ratio of the odds
of high school graduation for two students—one who
has one more unexcused absence than the other.

Continued 89



Practice Problem Solutions

b. Suppose the estimate of 61 in the previous model is
b,=-.03. Suppose the following two students are in
the same 12th grade class:

* Student A had eight unexcused absences in 11th
grade

* Student B had 18 unexcused absences in 11th
grade

What is the estimated odds ratio of graduating high
school for Student B compared to Student A?

Continued 90



Practice Problem Solutions

b. First, it’s best to start on the regression coefficient
scale: That is to say, the difference in the log odds of
graduation between Student B and Student A = 10*
b, = 10%(-.03) =-0.3.

Continued 91



Practice Problem Solutions

b. This value, -.3, is an estimate of the log odds ratio of
high school graduation for Student B compared to
Student A. To convert this into an odds ratio, we need
to exponentiate!

So, OR= et3)= 74

Continued 92



Practice Problem Solutions

b. To interpret this estimate, it can be stated that Student
B has 74% the odds of Student A of graduating high
school. Another, perhaps more interpretable, way of
reporting this estimate is to state that Student B has
26% less odds than Student A of graduating high
school.

Continued 93



Practice Problem Solutions

c. If the estimate of b, in the previous model is 61: -.03,
what does that tell you about the direction of the
relationship between the probability of graduating
and the number of school days missed?

94



Practice Problem Solutions

c. Because Djis negative, the estimated relationship
between the odds of high school graduation and
number of unexcused absences is negative—the more
unexcused absences a student had, the lower his/her

odds of graduating

Continued 95
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Example—CHD and Age

Recall results from logistic regression:

Variable Estlrr_]a_ted Standard Error
Coefficient
Age 0.135 0.036
Constant -6.54 1.73

Continued 97



Example—CHD and Age

Here, D, =.135 and is an estimate of the regression
coefficient for X;

It is an estimate based on a sample of 58

It is not necessarily the truth, b1!

98



95% Cl for b;

We want a range of plausible values for true value of b

* We want a confidence interval
* We have se(,) from results, which measures
precision of B as an estimate of true value, b;

Continued 99



95% Cl for b;

Same old story!

95% Cl for bs:

* by 2% se(h)

Continued 100



95% Cl for b;

No t-correction for logistic regression!

Could also do other Cls:
* 99% Cl for b:
b, £2.58*se(b,)

* 90% Cl for ba:
61 J_rl.65*se(61)

Continued 101



95% Cl for b;

For CHD age example,

*x b =.135
* se(b) =.036

95% Cl for bq:

* 135 £2*(.036)
* 135 £.072
* (.063,.207)

102



Interpretation

The true value for biin the population is between .06
and .21 with 95% confidence

Notice this does not include 0, which would indicate no
association

Continued 103



Interpretation

However, b1 is a “log odds ratio,” which is not easy to
interpret

Much easier would be a 95% Cl for the odds ratio

To get this, exponentiate Cl for br
* (elos) al2)
* (1.06, 1.23)

Continued 104



Interpretation

The 95% ClI for the OR relating risk of CHD to age is
between 1.06 and 1.23

Notice this interval does not include one, hence, one is
not a plausible population value

105



Example—CHD and Age

What would be the 95% Cl for the OR of CHD for 60-year-
olds compared to 50-year-olds?

Recall from before, the estimate log odds ratio was
10xb, =10*.135=1.35

Continued 106



Example—CHD and Age

For 95% Cl, also must start on coefficient (log odds) scale:
* 10b, £2*se(10b,)

* But se(10b,) = seSE(b,)

Continued 107



Example—CHD and Age

For 95% Cl, also must start on coefficient (log odds) scale:

* 1.35 £2*10*.036
* 1.3540.72
* (0.63,2.07)

108



Interpretation

The true value for 10b1in the population is between .63
and 2.07 with 95% confidence

But this is the 95% Cl for the log(OR)—to get 95% Cl for
OR exponentiate!

* (083 a207)
* (1.9,7.9)

Continued 109



Interpretation

The 95% ClI for the OR of CHD for 60-year-olds compared
to 50-year-olds is 3.85, with a 95% confidence interval of
1.9t0 7.9

110



What about P-Values?

Confidence intervals give us a range of plausible values
for b1, and hence € *(the associated odds ratio), but what
about p-values?

Continued 111



What about P-Values?

We want p-value for testing:
* Ho: b1 — O
* Ha: b‘l i O

Continued 112



What about P-Values?

This is equivalent to testing

* Ho:@®=1(0R=1)
* Ha: g™ =7 (OR #1)

In our example, we are testing for a population
association between CHD and age

Continued 113



What about P-Values?

Calculate a test statistic

Compare to appropriate distribution to get a p-value

Continued 114



What about P-Values?

Test statistic

N\

~ Obs—Null b
~ se(Oby  SE(b)

Continued 115



What about P-Values?

Compare to appropriate distribution to get a p-value

In logistic regression we always get our p-values from the
normal distribution (z-table)

Continued 116



What about P-Values?

For CHD age example
*x B =135

* se(ﬁl) =.036

z—@:&?S

~.036

This would yield a p-value of < .01 (.0002)

117



Logistic Regression in Stata

Data must be entered in Stata

. list chd age in 1/10

OarwWNPE

N
oo

CQOWWONO®

=

Continued 118



Logistic Regression in Stata

The “logit” command syntax

* logity X

So for CHD/age example:
* logit chd age

Continued 119



Stata output

logit chd age

Iteration O: log likelihood
Iteration 3: log likelihood
Iteration 4: log likelihood

Logit estimates

Log likelihood = -28.968073

Logistic Regression in Stata

-39.649049
-28.968083
-28.968073

age | .1353143 .0359736
_cons | -6.540226 1.733787

Number of obs = 58
LR chi2(1) = 21.36
Prob > chi2 = 0.0000
Pseudo R2 = 0.2694
P>]z] [95% Conf. Interval]
0.000 .0648072 .2058213
0.000 -9.938387 -3.142065
Continued

120



Stata output

logit chd age

Iteration O: log likelihood
Iteration 3: log likelihood
Iteration 4: log likelihood

Logit estimates

Log likelihood = -28.968073

Logistic Regression in Stata

-39.649049
-28.968083
-28.968073

age | .1353143 -0359736
_cons | -6.540226 1.733787

Number of obs = 58
LR chi2(d) = 21.36
Prob > chi2 = 0.0000
Pseudo R2 = 0.2694
P>|z]| [95% Conf. Interval]
0.000 0648072 .2058213
0.000 -9.938387 -3.142065
Continued

121



Logistic Regression in Stata

Stata output

logit chd age

Iteration O: log likelihood = -39.649049
Iteration 3: log likelihood = -28.968083
Iteration 4: log likelihood = -28.968073
Logit estimates Number of obs = 58
LR chi2(1) = 21.36
Prob > chi2 = 0.0000
Log likelihood = -28.968073 Pseudo R2 = 0.2694
chd | Coef Std. Err z P>|z] [95% Conf. Interval]
_________ e e e
age | -1353143 -0359736 3.761 0.000 -0648072 .2058213
_cons | -6.540226 1.733787 -3.772 0.000 -9.938387 -3.142065

Continued
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Stata output

logit chd age

Iteration O: log likelihood
Iteration 3: log likelihood
Iteration 4: log likelihood

Logit estimates

Log likelihood = -28.968073

Logistic Regression in Stata

-39.649049
-28.968083
-28.968073

age | -1353143 .0359736
_cons | -6.540226 1.733787

Number of obs = 58
LR chi2(1) = 21.36
Prob > chi2 = 0.0000
Pseudo R2 = 0.2694
P>]z] [95% Conf. Interval]
0.000 .0648072 .2058213
0.000 -9.938387 -3.142065

Continued
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Logistic Regression in Stata

The “logistic” command syntax

* logistic y X

So for the CHD/age example:
* logistic chd age

Continued 124



Logistic Regression in Stata

Stata output from logistic command

. logistic chd age

Logit estimates Number of obs = 58
LR chi2(1) = 21.36

Prob > chi2 = 0.0000

Log likelihood = -28.968073 Pseudo R2 = 0.26%4
chd | Odds Ratio Std. Err. z P>]z]| [95% Conf. Interval]

age | 1.144897 .0411861 3.761 0.000 1.066953 1.228534

Continued 125



Logistic Regression in Stata

Stata output from logistic command

. logistic chd age

Logit estimates Number of obs = 58
LR chi2(1) = 21.36

Prob > chi2 = 0.0000

Log likelihood = -28.968073 Pseudo R2 = 0.26%4
chd | Odds Ratio S{d Err. z P>]z]| [95% Conf. Interval]

age | 1.144897 (411861 3.761 0.000 1.066953 1.228534

Continued 126



Logistic Regression in Stata

Stata output from logistic command

. logistic chd age

Logit estimates Number of obs = 58
LR chi2(1) = 21.36

Prob > chi2 = 0.0000

Log likelihood = -28.968073 Pseudo R2 = 0.26%4
chd | Odds Ratio Std. Err. z P>]z]| [95% Conf. Interval]

age | 1.144897 .0411861 3.761 0.000 1.066953 1.228534
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95% Cl for b;

% b, £2SE(B,)

* (L, U)

95% Cl for OR
* (e, eY)

If 95% Cl for b1 does not include 0, then the 95% Cl for OR
will not include 1

Continued 128



Testing:
* Hotb1=0 Ho: OR =1
* Ha:b1¢0 Ha:OR¢1

Continued 129



Calculate test statistic:

N\

A
SE(B)

And compare to z-table for p-value

V4

Continued 130



Stata commands:

* logit: gives regression coefficients
* logistic: gives odds ratio
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Practice Problems

1. Suppose we have the following logistic regression
model:

Suppose:

* p = Probability of graduating high school
* X1=Number of unexcused absences in 11th grade
year

Continued 133



Practice Problems

a. What substantive question is being asked via the
statistical hypothesis test for testing:
f1oll31 =0
Ha: b #0

Continued 134



Practice Problems

b. Suppose again, that the estimate of Blin the previous
model is b, =-.03. Supposed the standard error of b,
se(b,) =.007. Give a 95% Cl interval for b.

Continued 135



Practice Problems

c. Recall the question regarding the two students:
Student A had eight unexcused absences in 11th
grade. Student B had 18 unexcused absences in 11th
grade. Given that b, =-.03, S€(,)=.007, give a 95% Cl
for the OR of graduating high school for Student B to

Student A.

Continued 136



Practice Problems

d. Based on the information you have been given, is
there a statistical relationship between the probability

of graduating and number of unexcused absences in
the 11th grade?
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Practice Problem Solutions

1. Suppose we have the following logistic regression
model:

Suppose:

* p = Probability of graduating high school
* X1=Number of unexcused absences in 11th grade
year

Continued 139



Practice Problem Solutions

a. What substantive question is being asked via the
statistical hypothesis test for testing:
f1oll31 =0
Ha: b #0

Continued 140



Practice Problem Solutions

a. Substantively, this hypothesis test is asking “is there a
relationship between the odds of graduating high
school and the number of unexcused absences at the
population level?”

Continued 141



Practice Problem Solutions

a. Another way of writing the same hypothesis test is . ..

Ha.: OR # 1

As the OR = e(b), so if b1 =0, at the population level,
e(k)1):: 1

Continued 142



Practice Problem Solutions

b. Suppose again, that the estimate of Blin the previous
model is b, =-.03. Supposed the standard error of b,,
se(b,) =.007. Give a 95% Cl interval for b.

Continued 143



Practice Problem Solutions

b. With logistic regression, we can assume if there is
enough data to estimate the model, then we can use
the “+2 Se(b,) " rule for creating a 95% Cl:

61 + 23e(61)
-.03 £2*(.007)

(-0.044,-0.016)

Continued 144



Practice Problem Solutions

b. Notice that the 95% Cl for b1 does not include 0; thus
we know by is significantly different from zero at the
o=.05 level—i.e., p < .05, and hence the associated OR
e(b1) is significantly different from 1 at the a.=.05 level

Continued 145



Practice Problems

c. Recall the question regarding the two students:
Student A had eight unexcused absences in 11th
grade. Student B had 18 unexcused absences in 11th
grade. Given that b, =-.03, S€(,)=.007, give a 95% Cl
for the OR of graduating high school for Student B to

Student A.

Continued 146



Practice Problem Solutions

c. Well, we need to start on the log odds scale and
construct a 95% Cl for 10b luckily, we have done the
hard part by constructing a 95% Cl for b+—all we

need to do to get a 95% Cl for 10bis multiply the
endpoints by 10:

Continued 147



Practice Problem Solutions

c.So, a 95% Cl for 10b+:

(10*-0.044, 10*-0.016)
(-0.44, -0.16)

Now to convert this to a confidence interval for the
associated OR, exponentiate the endpoints!

(e(—.44)’e(—0.1 6))

Continued 148



Practice Problem Solutions

c. (€™, ety 5 (0.64, 0.85)

So,the 95% for the OR comparing two students whose
number of unexcused absences differs by 10 is 0.64 to
0.85

Continued 149



Practice Problem Solutions

d. Based on the information you have been given, is
there a statistical relationship between the probability

of graduating and number of unexcused absences in
the 11th grade?
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Practice Problem Solutions

d. Well, of course it depends on your individual intrinsic
alpha level, but we have seen so far that we have a
(statistically) significant relationship at the .05 level

Continued 151



Practice Problem Solutions

d. If you wanted to be more precise, it is possible to get a
p-value from this information we are given:

Vo N

7 by —_'—03:—4.28

B se(ﬁl) ~.007

Which would yield a p-value <.001!

Continued 152



Practice Problem Solutions

d. Is it interesting from a substantive perspective?

Well, while we did not construct a 95% Cl for
comparing students who differ by one unexcused
absence, we did so for students who differ by 10
unexcused absences.

Continued 153



Practice Problem Solutions

d. This 95% Cl is (0.64, 0.85), suggesting that the student
who missed 10 more days had from 64% to 85% the
odds of graduation as compared to the other student.

Another way of stating this is that the student who
had the larger number of absences had 15% to 36%
less the odds of graduating high school.
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CHD and Smoking

Study results that we used for CHD /age example also
contain information about each subject’s smoking status
at the time of the study

Continued 156



CHD and Smoking

Data snippet with smoking information

ID AGE SMOKE CHD
1 20 No 0
2 23 Yes 0
3 24 No 0
4 25 No 0
3) 25 Yes 1
6 26 No 0
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CHD and Smoking

Suppose you are interested in investigating the
relationship between smoking and CHD

You could compare proportions via chi-squared/Fisher’s
exact, and estimate a measure of association

Can also use logistic regression
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CHD and Smoking

Consider the following logistic regression set up

log P =60+l32x2

1-p

p = probability of CHD
X2= smoking

N N\

b, and Db, are the estimated regression coefficients
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The Model

How can we assign a value to X2? Make it a dummy
variable

* X2 =1 if person smokes
* X2 =0 ifperson is a nonsmoker

Non-smokers are the “reference group”
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CHD and Smoking

Results of logistic regression

Variable Estlma_ted Standard Error
Coefficient
Smoke 1.55 0.59
Constant /— .86 0.36

>

O
N
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Interpreting Slope

How can we interpret D,?

log(odds CHD for smoker) = b, + b,

log(odds CHD for non-smoker) = bo

Continued 162



Interpreting Slope

Subtraction yields:

log(odds CHD for smoker) = bo +b,
- log(odds CHD for non-smoker) = by

Continued 163



Interpreting Slope

Subtraction yields:

log(odds CHD for smoker) = bo +b,
- log(odds CHD for non-smoker) = by
D,

Continued 164



Interpreting Slope

Using a “reverse” property of logs:

* D,estimates log (OR of CHD for smokers relative to non
smokers)

* So eb2 =0OR

Continued 165



Interpreting Slope

Results from our sample:
* b2= 1.55

%So e%_ al155) _ 47

Continued 166



Interpreting Slope

Interpretation

* In this sample of 58 individuals, the estimated odds
ratio of CHD for smokers compared to non-
smokers is 4.7
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Inference the Slope

This number, 4.7, is an estimate of the magnitude of the
odds ratio for smoking and CHD in this sample

It is still necessary to perform statistical inference to test
for population association and give a range of plausible
values for this association
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95% Cl for b

Same old story!
* 95% Cl for 2:

b, + 2SE(b,)
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CHD and Smoking

Recall results from logistic regression:

Variable Estlrr_\a_ted Standard Error
Coefficient
Smoke 41.55 0-59.
Constant /- .86 0.36 \

>

se(b,)

o
N
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95% Cl for b

95% C| for ba:

* 1.55 £2%(.59)
* 1.55+1.18
* (0.37,2.73)

Continued 171



95% Cl for b

Notice that interval does not include 0 (what does this
mean?)

Really we want 95% for OR—we need to exponentiate
x (€937 @273)
* (1.45, 15.30)
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Interpretation

The odds ratio for CHD comparing smokers to non-
smokers in a sample of 58 individuals was 4.7

The 95% confidence interval for this estimate was 1.5 to
15
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Getting a P-Value

We know from the 95% Cl that this would be significant
at the oo = .05 level

However, we may still like to get a p-value

Continued 174



Getting a P-Value

Recall, these two tests are equivalent:

* Ho:b2=0 Ho: OR =1
* Ha:by#0 Ha: OR # 1
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Getting a P-Value

Calculate test statistic:

o

b, 155

=——_= =2.62
se(b,) 0.9

Z

And compare to z-table for p-value

The associated p-value is .0088
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Let’s Use Stata

The logit command

. logit chd smoke

Iteration O: log likelithood = -39.649049
Iteration 1: log likelihood = -35.889023
Iteration 2: log likelihood = -35.883403
Iteration 3: log likelihood = -35.883402

Logit estimates

Log likelihood = -35.883402

chd | Coef. Std. Err.

smoke | 1.553348 | .5862221
—cons | =-8602013— .3596813

Number of obs = 58

LR chi2(1) = 7.53

Prob > chi2 = 0.0061

Pseudo R2 = 0.0950

z P>|z] [95% Conf. Interval]
2.650 0.008 .4043743 2.702323
-2.392 0.017 -1.565164 -.1552389
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Let’s Use Stata

The logit command

. logit chd smoke

Iteration O: log likelithood = -39.649049
Iteration 1: log likelihood = -35.889023
Iteration 2: log likelihood = -35.883403
Iteration 3: log likelihood = -35.883402

Logit estimates Number of obs = 58

LR chi2(1) = 7.53

Prob > chi2 = 0.0061

Log likelihood = -35.883402 Pseudo R2 = 0.0950
chd | Coef. Std. Err. z P>]z]|

_________ e _ _ _ _ _ _

smoke | 1.553348 .5862221 2.650 0.008
_cons | -.8602013  .3596813 -2.392 0.017
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Let’s Use Stata

The logit command

. logit chd smoke

Iteration O: log likelithood = -39.649049
Iteration 1: log likelihood = -35.889023
Iteration 2: log likelihood = -35.883403
Iteration 3: log likelihood = -35.883402

Logit estimates

Log likelihood = -35.883402

Number of obs
LR chi2(1)
Prob > chi2
Pseudo R2

chd | Coef. Std. Err. z
_________ B —

smoke | 1.553348 .5862221 2.650

-4043743 2.702323

_cons | -.8602013 .3596813 -2.392

-1.565164 -.1552389




Let’s Use Stata

The logistic command

. logistic chd smoke

Logit estimates Number of obs = 58
LR chi2(1) = 7.53

Prob > chi2 = 0.0061

Log likelihood = -35.883402 Pseudo R2 = 0.0950
chd | Odds Ratio Std. Err. z P>]z| [95% Conf. Interval]
smoke || 4.727273 |2.771232 2.650 0.008 1.498365 14.91433
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Dummy Variables

Coding is arbitrary:

* Could have coded non-smoker as 1
* Smokeras 0

What would have been estimate of b2 The OR? What
would have been the associated p-value?

Continued 182



Dummy Variables

Dummy variables are used to include grouping factors in
a logistic regression model

Coefficient represents a comparison between the group
coded 1 and the reference group

Continued 183



Dummy Variables

Coefficient can be translated into an adjusted odds ratio
for the outcome y, comparing two groups
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Practice Problems

1. Suppose a study was performed to evaluate the
efficacy of an herbal supplement in helping to protect
individuals from the flu. Sixty-two subjects were
randomized to receive the supplement or a placebo,
and they were followed for two winter months to see
if each caught the flu.

Continued 186



Practice Problems

1. Researchers used the following logistic regression
model to analyze the study results:

p A A
log —— |=b. +bX
2 )

Where p = Probability of getting the flu in the two
month follow-up period

X;= treatment group
(1 = herbal, 0 = placebo)

Continued 187



Practice Problems

1. Before any numerical results are unveiled, what is the
interpretation of e™ in this model? How about b,?

Continued 188



Practice Problems

2. The next slide contains the researchers’ Stata output
for the regression model, with some portions omitted
(my cat spilled my coffee on the output, sorry!).

Continued 189



Practice Problems

Stata output

. logit flu herbal

Logit estimates

Log likelihood = -30.344219

flu | Coef. Std. Err

_____________ S
herbal | -1.550597 .7133712
_cons | -.6466272 .3721937

Number of obs = 62
LR chi2(l) = 5.55
Prob > chi2 = 0.0185
Pseudo R2 = 0.0838
-2.17 0.030 -2.948779 -.1524155
-1.74 0.082 -1.376113 .0828591

Note: x, Is called “herbal” in the output above

Continued
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Practice Problems

a. What is the nature (direction) of the relationship
between the odds of getting the flu and taking an
herbal supplement?

b. Is the estimate of b, significant at the o = .05 level?

Continued 191



Practice Problems

c. Estimate the OR of getting the flu for persons taking
the herbal supplement compared to those taking the
placebo. Give a 95% Cl for this estimate.
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Practice Problem Solutions

1. Suppose a study was performed to evaluate the
efficacy of an herbal supplement in helping to protect
individuals from the flu. Sixty-two subjects were
randomized to receive the supplement or a placebo
and they were followed for two winter months to see
if each caught the flu.

Continued 194



Practice Problem Solutions

1. Researchers used the following logistic regression
model to analyze the study results:

p A A
log —— |=b. +bX
2 )

Where p = Probability of getting the flu in the two
month follow-up period

X;= treatment group
(1 = herbal, 0 = placebo)

Continued 195



Practice Problem Solutions

1. Before any numerical results are unveiled, what is the
interpretation of e™ in this model? How about b,?

Continued 196



Practice Problem Solutions

1. Blis the estimated difference in the log odds of
getting the flu for individuals taking the herbal
supplement as compared to individuals taking
placebo.

ebl is the estimated odds ratio of getting the flu for
those taking herbal supplements compared to those
on placebo.

Continued 197



Practice Problem Solutions

2. The next slide contains the researchers’ Stata output
for the regression model, with some portions omitted
(my cat spilled my coffee on the output, sorry!).

Continued 198



Practice Problem Solutions

Stata output

. logit flu herbal

Logit estimates Number of obs = 62

LR chi2(l) = 5.55

Prob > chi2 = 0.0185

Log likelihood = -30.344219 Pseudo R2 = 0.0838

flu | Coef. Std. Err -t T - -
_____________ S

herbal | -1.550597 .7133712 -2.17 0.030 -2.948779  -.1524155

_cons | -.6466272 .3721937 -1.74 0.082 -1.376113 .0828591

Note: x, Is called “herbal” in the output above

Continued 199



Practice Problem Solutions

1. What is the nature (direction) of the relationship
between the odds of getting the flu and taking an
herbal supplement?

As the estimate of b, is negative, it indicates that those
taking herbal supplement have less risk of developing
the flu than those on placebo.

Continued 200



Practice Problem Solutions

b. Is the estimate of b, significant at the oo =.05 level?

Let’'s compute a z-statistic:

b zﬁz_z_ﬂ

7 =—=
se(b) 71

Continued 201



Practice Problem Solutions

b. So this estimate of b,is more than two standard
errors away from zero—hence we would get a p-value
of p < .05.

A more exact statement about the p-value can be
made by consulting a normal table: p =.03.

Continued 202



Practice Problem Solutions

c. Estimate the OR of getting the flu for persons taking
the herbal supplement compared to those taking the
placebo. Give a 95% Cl for this estimate.

Continued 203



Practice Problem Solutions

c. As always, with Cl estimates of odds ratios, start on the
log odds (coefficient scale).

A 95% Cl for b, is as follows:
-1.5+2*%(.71)

(-2.92, -.08).

Continued 204



Practice Problem Solutions

c. So the estimated OR (OR) of getting the flu for
individuals taking herbal supplement compared to
those taking placeboise''*) or .21, with 95% Cl
(€%, or (0.05, 0.86).
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